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We investigate the occurrence of Majorana modes in semiconductor quantum wires in close prox-
imity with a superconductor and when both, Rashba interaction and magnetic field, are present.
We consider long, but finite, multiband wires (namely, planar wires with dimensions Lx ≫ Ly).
Our results demonstrate that interband mixing coming from Rashba spin orbit term hybridizes Ma-
jorana pairs originating from different transverse modes while simultaneously closing the effective
gap. Consequently, multiple Majorana modes do not coexist in general. On the contrary, Majorana
physics is robust provided that only one single transverse mode contributes with a Majorana pair.
Finally, we analyse the robustness of Majorana physics with respect to magnetic orbital effects.
PACS numbers: 74.78.Na,71.10.Pm,74.20.Rp,74.75.+c
Introduction. Matter and its charge conjugate coun-
terpart obey the relativistic Dirac equation with posi-
tive and negative energies, respectively.1 Ettore Majo-
rana proved in 1937 that these solutions exist for which
particle and antiparticle are the same entity, a Majorana
fermion.2 Majorana fermions were first proposed in the
context of particle physics to describe neutrinos3 and,
more recently, the Majorana search has been revived4 in
the condensed matter,5–16 and atomic physics17–20 com-
munities. Aside from a fundamental interest in find-
ing Majorana fermions, part of the excitement comes
from the non-Abelian braiding statistics appearing when
these particles are localized near a vortex or a domain
wall, which could be useful for topological quantum
computation.21
The most recent and promising proposal for engineer-
ing Majorana quasiparticles is based on semiconductor
nanowires (NWs) put in close proximity with a supercon-
ductor when both spin orbit (SO) interaction and mag-
netic field are present. The main advantages of these
systems are that they exhibit giant Zeeman splittings
due to the huge g-factor and that conventional s-wave
superconductivity can be proximity induced.22–24 Ma-
jorana modes are quasiparticles excitations that emerge
when the Kramers degeneracy of the electron-hole pairs
is lifted because of the presence of both Rashba SO and
magnetic field. Nontrivial phases that correspond to the
occurrence of Majorana physics have been predicted to
survive even in multimode NWs provied that the num-
ber of filled subbands is odd.25–29 In this manner, trivial
and non-trivial topological phases can be alternated by
tuning either the chemical potential or the magnetic field.
Nevertheless, this scenario of alternating robust (nontriv-
ial) and fragile (trivial) phases is based on topological
arguments strictly valid for infinite long strips that are
characterized by the Z2 invariant, such as the Majorana
number.30 In order to unambiguously predict the occur-
rence of Majorana modes in realistic systems, one needs
to investigate finite multimode nanowires. Such studies
x
y B
z
Lx
s-wave superconductor
Ly
jueves 2 de febrero de 2012
FIG. 1: (Color online) Sketch of a finite nanowire of dimen-
sions (Lx, Ly) in close proximity with an s-wave superconduc-
tor and in presence of a tilted magnetic field.
have been previously attempted in two-band model and
tight-binding Hamiltonians.25–27,31 Here, we perform ex-
act numerical diagonalization of the Hamiltonian. Our
main finding indicates that multiple Majorana modes
in finite multiband nanowires cannot coexist due to the
strong hybridization caused by the Rashba spin orbit in-
teraction. The importance of the Rashba coupling term
in planar wires has been emphasized by some of us.32–34
We observe the formation of a single Majorana pair at
low magnetic fields only. Furthermore, we investigate the
magnetic orbital effects in these systems and we show
that the single Majorana pair regime survives solely if
the magnetic field is in the plane of the wire.
The model. We consider a semiconductor nanowire
with a strong Rashba SO and proximity-induced pairin
in the presence of a magnetic field B with a given orien-
tation as sketched in Fig. 1. The model Hamiltonian can
be written as HNW = HSP +HZ +HSO, where
HSP =
Π2x + Π
2
y
2m∗
− µ+ V (x;Lx) + V (y;Ly) , (1)
HZ = 1
2
gµB ~B · ~σ , (2)
HSO = αR
2
(
~σ × ~Π
)
· ~E , (3)
with m∗ the effective mass, Πi = pi+(e/c)Ai the canon-
ical momentum (e is the electron’s charge, and c is the
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FIG. 2: (Color online) Results neglecting Rashba mixing,
αy = 0 in Eq. (4), and without magnetic orbital effects, for
field orientation along x. (a) Spectrum of eigenvalues as a
function of Zeeman energy ∆B ≡ gµBB/2. Only the twelve
eigenvalues closer to zero are displayed; higher or lower eigen-
values than the ones displayed correspond to bulk excitations
and are not shown. Parameters: Ly = 150 nm, Lx = 3 µm,
∆ = 0.225 meV, µ = 0, αx = 0.045 eVnm. (b) Probability
density for the Majorana-like edge modes corresponding to
the second and first transverse modes for a Zeeman energy of
2 meV in panel (a).
speed of light) and ~A the vector potential. HSP is the
single particle energy, referred to the chemical poten-
tial µ with a hard-wall confinement in both x and y
directions given by V (a;L) = 0 for 0 < a < L and
V (a;L) = ∞ otherwise. HZ corresponds to the Zee-
man term with ∆B ≡ gµBB/2. HSO is the Rashba SO
Hamiltonian. The constant vector ~E in HSO corresponds
to the effective electric field due to confinement. In our
planar geometry (Fig. 1), typical of Rashba systems, the
strongest confinement occurs along the z axis and, there-
fore, HSO ≈ α/~ (σxΠy − σyΠx) with α = αREz/2. In
a convenient gauge ( ~A = −Bzyuˆx) Πx = px − eyBz/c
and Πy = py. Notice then that both HSP and HSO are
modified by the magnetic orbital effects, represented by
the magnetic length ℓz =
√
~c/eBz. More specifically, in
the case of the Rashba Hamiltonian we have
HSO = αx
~
pxσy − αy
~
pyσx − αx
~
yσy
ℓ2z
, (4)
where the distinction between αx and αy is introduced for
later convenience. Clearly, in Rashba NWs αx = αy = α,
however situations with αy 6= αx, including the case
αy = 0 have been theoretically proposed in NWs without
spin orbit interaction using inhomogeneous fields B(x) or
spatially modulated g-factors.35 In general, Eq. (4) mixes
different quantum well subbands in x (through the px op-
erator) and in y (py and y operators). Since Lx ≫ Ly the
relevant mixing contribution is αypyσx which we termed
as Rashba mixing. Finally, we stress that orbital effects
modify the SO coupling, including the Rashba mixing.
As shown below, they alter dramatically the topological
phases of multiband NWs.
The second-quantized Hamiltonian can be written as
HNW →
∑
n,n′
∑
σ,σ′〈nσ|HNW |n′σ′〉c†nσcn′σ′ where n ≡
{nx, ny} are the quantum numbers associated with the
transverse modes due to confinement and σ =↑, ↓ de-
notes the spin. When the NW is proximity-coupled to
an ordinary s-wave superconductor the BCS-Hamiltonian
is taken into account, HSC =
∑
n
[
∆ c†n↑c
†
n↓ + h.c.
]
.
One then obtains the low-energy physics of this sys-
tem in a Bogoliubov-deGennes description. In ma-
trix form, HBdG = 12
∑
n,n′ Ψ
†
nH(nn
′)
BdG Ψn′ where Ψn =
(c†n↑, c
†
n↓, cn↓,−cn↑)† and
H(nn′)BdG =
(Hnn′NW ∆
∆∗ iσy[Hnn′NW ]∗iσy
)
. (5)
The results shown below are obtained by exact numeri-
cal diagonalization of Eq. (5) and confirm the emergence
of NW gapped low-energy eigenstates for some range of
parameters.
The existence of gapped zero-energy modes is the sig-
nature of Majorana physics. Let us label positive energy
states EI by an index I = 1, 2, . . . in increasing energy
order. Analogously, negative energy states in decreas-
ing energy order are labelled by I = −1,−2, . . . . In the
Dirac picture of fermions, positive-energy states are par-
ticle states while negative ones are their conjugated or
antiparticle ones. Clearly, when |EI | is sizeable non-zero
|I〉 and |−I〉 are different stationary eigenstates ofHBdG.
We can now form the two combinations
|γ(I)a 〉 =
1√
2
(|I〉+ | − I〉), (6)
|γ(I)b 〉 =
i√
2
(|I〉 − | − I〉) . (7)
These are the Majorana states that, in general, are not
eigenstates of HBdG (see Eq. 4) unless EI ≈ E−I ≈ 0.
These states correspond to zero modes separated by a
sizeable energy gap from the rest of the spectrum. In the
following we will carefully investigate the robustness of
this behavior in finite samples and the role of the Rashba
mixing term.
Ocurrence of Majorana modes in finite nanowires. It is
estimated that in infinite strictly 1D quantum wires the
occurrence of a Majorana pair requires sufficiently large
Zeeman energies at magnetic fields that exceed the criti-
cal value Bc given by gµBBc/2 =
√
µ2 +∆2.13,14 In the
quasi 1D case one has a similar condition for the critical
field Bc(ny) at which a Majorana pair emerges from the
3ny transverse mode: gµBBc(ny)/2 =
√
(εny − µ)2 +∆2
where εny is the transverse mode energy. This scenario is
confirmed in Fig. 2(a) where we show the spectrum when
the Rashba mixing term is absent and the magnetic field
is applied along xˆ direction. Remarkably, by increasing
the magnetic field successive gapped low-energy pairs,
each belonging to a different transverse mode, appear in
the spectrum. We emphasize that Fig. 2(a) corresponds
to a situation in which transverse modes are uncoupled
because αy = 0. To better illustrate the edge charac-
ter of the Majorana pairs we have plotted in Fig. 2(b)
the probability density for the the first and second trans-
verse modes for ∆B = 2 meV. Remarkably, the pair
energies of the spectrum are not exactly zero, but oscil-
late around zero with increasing B, showing a steadily
increasing amplitude. This is a finite size effect, indicat-
ing that the shortness of the wire eventually dominates
removing Majorana pairs from zero energy and destroy-
ing the gap with the nearby states.
The value of the Rashba coupling assumed in Fig. 2 is
within the range of typical values for InAs-based nanos-
tructures. In the present context, however, this coupling
could be affected by the nearby superconductor. In first
approximation we have neglected this variation. Any-
way, we have also checked that the physics we describe
remains unaffected when α is modified by a factor 2.
The effect of the Rashba mixing on the occurrence
of multiple Majorana pairs is shown in Fig. 3. When
Rashba mixing is present we find a single pair of Majo-
rana modes in the low magnetic field regime. The Rashba
mixing destroys the coexistence among different Majo-
rana pairs at moderate magnetic fields. This is clearly
illustrated in Fig. 3 where the spectrum is shown for
αy = 0.6αx [Fig. 3(a)], and αy = αx [Fig. 3(b)]. In
both cases, the Rashba mixing leads to an effective cou-
pling between low energy modes and dramatically affects
the spectrum in the regions where two or three Majo-
rana pairs would coexist. Because of the Rashba mixing,
a clear gap region around zero energy appears [see Fig.
3(b) for 1 meV& ∆B & 3 meV]. By increasing further the
magnetic field, there are no visible Majorana pairs of the
spectrum in both Figs. 3(a), and (b). In these cases the
eigenvalue spectrum becomes dense, trivial in topologi-
cal language, due to the Rashba mixing. Therefore, the
effect of Rashba mixing on the occurrence of multiple Ma-
jorana modes is two-fold: their zero energy character is
lifted and their gap protection from the rest of the states
tends to vanish. Finally in Fig. 3(c) we show the spatial
probability distributions of the three lowest eigenstates
at large magnetic fields (∆B = 4 meV). In this case the
Rashba mixing clearly destroys the edge-mode character
of the states.
For completeness, we have investigated the robustness
of the single Majorana regime when the chemical poten-
tial is changed (not shown here). We find an alternating
trivial and nontrivial behavior as µ increases26 due to a
sequence of occupied and unoccupied single transverse
modes. Notice that single Majorana pairs do not neces-
FIG. 3: (Color online) Same as Fig. 2 including Rashba
mixing. The same parameters have been used, except for
αy = 0.6αx in panel (a) and αy = αx in panel (b). The
densities of panel (c) are for the three lowest modes when
∆B = 4 meV.
sarily emerge from the ny = 1 transverse mode but ac-
tually from the lowest energy occupied transverse mode.
A good strategy towards detecting Majorana modes is
to use magnetic fields close to the critical field when
only a single transversal mode contributes to the for-
mation of a Majorana pair. In such situation, the se-
quence of occupied and unoccupied modes, as one in-
creases the chemical potential, will produce a sequence of
regions with a single Majorana pair each, so that Rashba
mixing is not efficient. We emphasize that we do not
find such alternating behavior between trivial/nontrivial
phases when we vary the Zeeman field because of the
Rashba mixing and the size effects. Nevertheless, the se-
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FIG. 4: (Color online) a) Energy of the lowest eigenvalue as a
function of the field tilting angle (circles) and of the gap with
the next state (squares). We have used a Zeeman energy of
0.45 meV. b) Same as Fig. 2 for a field tilting angle of 1 degree
out of the plane. Same parameters of Fig. 3b.
quence of trivial/nontrivial phases in the whole (µ, ∆B)
phase space25–28 should be recovered for Lx/Ly → ∞,
when topological arguments become exact. From this
point of view, our results demonstrate that the extrapo-
lation of the topological phase diagram to finite samples
with Lx/Ly ≈ 20 is not sufficiently justified.
Magnetic orbital effects. All the above results were
obtained assuming a magnetic field with a perfect in-
plane orientation. We finish this discussion by studying
the role of magnetic orbital effects, due to Bz 6= 0. The
polar angle θc = tan
−1Bz/Bx quantifies a small out-of-
plane deviation of the magnetic field. Our results are
shown in Fig. 4. A small vertical component of the field
is sufficient to steadily increase the energy of the lowest
mode, from a clear Majorana-like character with E1 ≈ 0
for θc = 0
o to E1 ≈ 0.3∆ for θc = 2.5o [see Fig. 4(a)].
At the same time, the gap from the lowest to the next
state, E2−E1, is reduced as the magnetic field deviation
from the wire plane decreases. Thus, magnetic orbital
effects suppress the Majorana character of the low-energy
modes. This is demonstrated in Fig. 4(b), where just few
degrees of tilting are enough to destroy the low energy
modes as a function of B.
Conclusions. Summarizing, we have investigated the
effect of the Rashba intermode coupling in finite multi-
band semiconductor nanowires when superconductivity
is proximity induced and in the presence of a magnetic
field. We find that Majorana physics appears provided
that only one single transverse mode leads to the Majo-
rana pair formation. The coexistence of multiple Majo-
rana pairs is excluded by the presence of the Rashba mix-
ing that hybridizes Majorana pairs and reduces their gap
protection from the rest of the states. Additionally, we
have studied how magnetic orbital effects affect the for-
mation of gapped zero energy modes. We conclude that
even in the single Majorana mode regime, magnetic or-
bital effects lead to the destruction of those modes. While
the fragility against magnetic orbital effects seems ulti-
mately unavoidable in a planar geometry, the hybridiza-
tion of multiple Majorana pairs could be eliminated as it
has been shown in a recent proposal in Ref. [35], where
Majorana physics occurs in nanowires without Rashba
coupling. Here, Majorana modes are originated by ei-
ther the NW curvature or by an inhomogeneous Zeeman
field generating effective band-diagonal coupling.
Note added— During the last stages of this work the
experimental evidence of Majorana modes in hybrid InSb
nanowire has been presented.38,39 Although our geometry
(planar) differs from the experimental one (cylindrical),
we have computed Fig. 2 and Fig. 3 for the experimental
values corresponding to InSb nanowires (∆ = 0.23 meV,
α = 0.023 eVnm) showing that the magnetic instabil-
ity reported here (the splitting at large magnetic fields
in Fig. 3b) agrees with the experiment.38 Nevertheless,
the fragility predicted here against orbital effects has not
been observed in the experiment when tilting the mag-
netic field in the vertical direction with respect to the
cylinder axis. We believe this is due to the different role
of tilting in planar and cylindrical geometries. A precise
investigation of this mechanism is in progress.
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